CONSTRUCTING PERMUTATION POLYNOMIALS OVER FINITE 

FIELDS 
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Abstract. In this paper, we construct several new permutation polynomials over fi- 
nite fields. First, using the linearized polynomials, we construct permutation polyno- 
mials of the form L\(x) + (L2 (x) + r y)h(B(x)) over F q m , where L\ (x), Li2(x) and B(x) 
are linearized polynomials. This extends a recent theorem of Akbary, Ghioca and 
Wang. Consequently, we generalize a result of Marcos by constructing permutation 
polynomials of the form x q h(Xj (x)) and x q h(fij (x)), where \j (x) is the j-th elemen- 
tary symmetric polynomial of x, x q , x q and /J,j(x) = Tr B / ^(x^). Finally, we 
describe the relationship between Kloosterman polynomials and permutation poly- 
nomials over finite fields with any characteristic p. It extends a result of Yuan, Ding, 
Wang and Pieprzyk. By our relationship, we determine some permutation polyno- 
mials of the form {x 2 + x + rfj^ 2 ' + x 2 over , where Ttf 2TO /f 2 iv) = 1- We also 
show that (x 4 + x + rf)^ 1 + x 2 with rj S F 2 4 and T^y^/y^ (r)) = 1 is a permutation 
polynomial over F 2 4 . 



1. Introduction 

Let F q denote the finite field of characteristic p with q elements (q = p n ,n S N), and 
let F* := F g \ {0}. Let F q [x] be the ring of polynomials over F q in the indeterminate 
x. If a polynomial f(x) £ F q [x] induces a bijective map from F q to itself, then f(x) is 
called a permutation polynomial of F q . Permutation polynomials have been an interest- 
ing subject of study in the area of finite fields for many years. Particularly, permutation 
polynomials have many important applications in coding theory [6], cryptography pTj 
and combinatorial design theory. Information about properties, constructions and ap- 
plications of permutation polynomials may be found in the renowned book of Lidl and 
Niederreiter [9]. 

We let K = F q and E = F q m with m > 1 being a given integer. By Tt:e/k{x) we 
denote the trace from E to K, that is 

Tr E/K (x) = x + x q H h x qm ~\ 

A polynomial of the form 

m — 1 

L(x) = a ^ q ' G E \ x ] 

is called a linearized polynomial over E. It is well known that a linearized polynomial 
L{x) is a permutation polynomial of E if and only if the set of roots in E of L(x) 
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equals {0} (see, for example, Theorem 7.9 of [9]). Throughout, L(x) denotes a linearized 
polynomial. 

To find new classes of permutation polynomials is one of open problems raised by 
Lidl and Mullen in [7] and [8]. There has been significant progress in finding new per- 
mutation polynomials. Wan and Lidl [12] constructed permutation polynomials of the 
form x r f(x^ 1 ^ d ) and studied their group structure. Akbary, Ghioca and Wang [T] 
constructed permutations of the shape L\(x) + L2{x)h{L^, (x)) with h(x) being a polyno- 
mial over E. Yuan, Ding, Wang and Pieprzyk [13] studied the permutation polynomials 
of the form (x p — x + S) s + L(x). Coulter, Henderson and Matthews [2] constructed 
the permutation polynomials of the form L(x) + xh(TT E /K(x)). Marcos [10] obtained 
permutation polynomials of the form L(x) + ^/h(TT E /K{x))- For some other permutation 
polynomials constructed using the trace function, the readers are referred to [4]. 

The main goal of the present paper is to construct new classes of permutation polyno- 
mials over finite fields. In Section 2, we construct some permutation polynomials using 
linearized polynomials. In fact, we obtain a characterization so that L\{x) + {L2{x) + 
r ))h{B{x)) e E[x] with L\(x), Lz(x) and B(x) being linearized polynomials, is a permu- 
tation polynomial. See Theorem 2.1 below, which extends a recent theorem of Akbary, 
Ghioca and Wang pQ. Note that our method is different from that of pQ. If taking 
B{x) = Tr E / K (x), then our result (Theorem 2.2 below) generalizes the results obtained 
by Coulter, Henderson and Matthews [5] and by Marcos [TO], respectively. 

For any integer 1 < j < m—1, let fij(x) = r Tr E / K {x : ') and \j{x) — <Jj(x, x q , . . . , x q ), 

where (Tj(x, x q ,...,x q )is the j'-th elementary symmetric polynomial of 
Marcos [10] used the function A(ir)(= \2{x) or ^2{x)) to construct permutation polyno- 
mials and only got some sufficient conditions so that xh(\(x)) to be a permutation 
polynomial. In Section 3, using Xj(x) and Hj(x), we extend this result by giving suffi- 
cient and necessary conditions so that x q h{\j{x)) and x q h(fj,j(x)) to be permutation 
polynomials. 

In 2008, Yuan et al. [T3] described the relationship between Kloosterman polynomials 
Li d and permutation polynomials of a special form, and then presented several classes 
of permutation polynomials related to the Kloosterman polynomial £i,io- In Section 
4, we extend this characterization by providing the relationship between Kloosterman 
polynomials L p i d (x) and permutation polynomials Ld ^ +Tj + x v over finite fields of 
any characteristic p, where Tv E / K {ini) ^ 0. Then using this result and Hollmann-Xiang 

theorem, we produce some new permutation polynomials of the form (a; 2 +.t+?7)~ 2: ' +x 2 
over F2™, where Tr F2 , 71 / F2 (?7) = 1, i = 1,2, < k < m — 1 and j = k or j = k+ 1. In 
particular, we show that x i+ x+ri +x 2 with rj £ F 2 4 and Tr F24 /p 2 (?7) = 1 is a permutation 
polynomial over F 2 4 . 



2. Permutation polynomials constructed by the linearized polynomials 

In this section, we construct a new class of permutation polynomials involving lin- 
earized polynomials. We need the following known facts in the sequel. 

Lemma 2.1. Let B(x) 6 K[x] and L(x) G K[x] be linearized polynomials. Then 
for any a 6 K and x and y S E, aB(x) — B(ax), B{x + y) = B(x) + B{y) and 
B(L(x))=L(B(x)). 
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We can now give the first main result of this paper. 

Theorem 2.1. Let 7 G E and let Lx(x) G K[x], L 2 (x) G K[x] and B(x) G K[x] be 
linearized polynomials. Let h{x) G E[x] be such that h(B{E)) C K. Then F(x) := 
L\{x) + (L 2 (x) + j)h(B(x)) is a permutation polynomial over E if and only if each of 
the following is true: 

(1) . Li(ar) + (L 2 (x) + B{^))h{x) permutes B(E). 

(2) . For any y G B(E), Li(x) + L 2 (x)h(y) = and B(x) = with x G E are both true 
if and only if x = 0. 

Proof. First we show the sufficiency part. Assume that (1) and (2) hold. Suppose that 
there exist two elements a and /3 G E such that F(a) = F(/3). Thus B(F(a)) = B(F((3)). 
That is, 

B(Li(a) + (L 2 (a) + j)h(B(a))) = B(Li(/9) + (L 2 ((3) + -y)h(B(/3))). (2.1) 

Then Lemma 2.1 applied to both sides of (2.1) gives us that 

Li(S(a)) + (L 2 (B(a)) + B( 7 ))h(B(a)) = L^Btf)) + (L 2 (B((3)) + B( 7 ))h(B((3)). (2.2) 

Since L 1 (x) + (L 2 (x)+B('y))h(x) permutes B(E), it follows from (2.2) that B(a) = B((3). 
Write t := B(a) = B{(i). Then t G B{E) and B(a - /3) = 0. Since F(a) = F(/3), one 
has 

L^a - p) + L 2 (a - /3)h(t) = 0. 

Now applying condition (2) to a — /?, we obtain that a — (3 = which implies that a = j3. 
Hence F(x) is a permutation polynomial over E. The sufficiency part is proved. 

Let us now show the necessity part. Let F(x) be a permutation polynomial of E. 
First we prove that (1) is true. To do so, we let B{x) act on F(x) for x G E, and then 
by Lemma 2.1 we get that 

B(F(x)) - Li(B(a;)) + (i 2 (S(a:)) + B( 7 ))h(B(x)). (2.3) 

Since is a permutation polynomial of E, we have 

(*)) : x G = : x G S}| = \B(E)\. (2.4) 

Hence by (2.3) and (2.4), 

\{Li(B(x)) + (L 2 (B(x)) + B( 7 ))h(B(x)) : x e E}\ = \B(E)\. 

This concludes that L\(x) + (L 2 (x) + B{^))h{x) permutes B(E). Thus (1) is proved. 

It remains to show that part (2) is true. For this purpose, we assume that for any 
y G B(E), L\{x) + L 2 (x)h{y) = and B(x) = with x G E. We can take two elements 
a and /3 G E satisfying that B(a) = B(j3) = y. Then B(a - (3) = 0. But B(x) = 0. 
Therefore a — (3 and x are both in the kernel ker(B) of B(x). So we can write x = a — (3+z 
for some z G kcr(£>). Since L\(x) + L 2 (x)h(y) = 0, we infer that 

L^a - 13 + z) + L 2 {a - 13 + z)h{y) = 0. (2.5) 

On the other hand, since z G ker(_B), one has B{z) — 0, which implies that B((3 — z) = 
B(a) = y. It then follows immediately that 

F(a) - F{(3 - z) 

= Li (a) + (L 2 (a) + j)h(B(a)) - L x (f3 - z) + (L 2 ((3 - z) + i)h{B{p ~ z)) 

= L 1 {a-P + z) + L 2 {a-P + z)h{y). (2.6) 
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Hence by (2.5) and (2.6), we derive that F(a) = F(f3 — z). Since F(x) is a permutation 
polynomial of E, we get that a — f3 + z = 0. Namely, x — 0. Thus (2) is proved. 

This completes the proof of Theorem 2.1. □ 

Picking 7 = 0, then Theorem 2.1 gives us the following result which is Theorem 6.1 

of DP- 

Corollary 2.1. 1 Let L%, L-2 and L% be K -linear polynomials over K . Let h{x) G E[x] 
and h{Lz{E)) C K. Then the polynomial F(x) := L\{x) + L2{x)h{Ls{x)) is a permuta- 
tion polynomial over E if and only if each of the following is true: 

(1) . Li(x) + L2(x)h(x) permutes L 3 (E). 

(2) . For any y G L^{E), L\{x) + L2(x)h(y) — and L${x) — with x £ E are both true 
if and only if x = 0. 

As another special case of Theorem 2.1, we have the following interesting result. 

Theorem 2.2. Let L\(x) G K[x] and L2(x) G K[x] be linearized polynomials. Let 
h(x) G K[x] andjtEE. Then F{x) := Li(x) + (L2(x) +j)h( r £r E / K (x)) is a permutation 
polynomial over E if and only if each of the following is true: 

(1) . L\{x) + [Li2{x) + TiE/K(l))h(x) S K[x] is a permutation polynomial over K . 

(2) . For any y G K , L\(x) + L2(x)h(y) = and Tte/k(x) — with x G E are both true 
if and only if x = 0. 

Proof. Let B(x) = Tte/k(x). Then B{x) is a linearized polynomial. So Theorem 2.2 
follows immediately from Theorem 2.1. This completes the proof of Theorem 2.2. □ 

From Theorem 2.2, we derive the following interesting consequences. 

Corollary 2.2. [2] Let F(x) := L(x)+xh(Tr E / K (x)) with L{x) G K[x] being a linearized 
polynomial and h(x) G K[x]. Then F{x) is a permutation polynomial over E if and only 
if each of the following is true: 

(1) . L(x) + xh(x) is a permutation polynomial over K . 

(2) . For any y G K , we have that x G E satisfies L{x) + xh(y) = and Tte/k( x ) = if 
and only if x — 0. 

Proof. This corollary follows from Theorem 2.2 by setting L\{x) = L(x), L2(x) — x and 
7 = 0. The proof of Corollary 2.2 is complete. □ 

Corollary 2.3. [10] Let L(x) — a$x + a\x q + • • • + a rn ^ix q G K[x] be a linearized 
polynomial which permutes E. Let h(x) G K[x] and 7 6 E. Then the polynomial 
F(x) :— L{x) + ~/h(Tr E / K (x)) permutes E if and only if the polynomial (do + a\ + • • • + 
a m -i)x + Tr E / K (-j)h(x) permutes K . 

Proof. Since L{x) is a permutation of E, we have that for any x G E, L(x) — if and 
only if x — 0. So by Theorem 2.2 we know that F(x) is a permutation polynomial over 
E if and only if L(x) + TT E / K (j)h(x) is a permutation polynomial over K. 

On the other hand, if x G K , we have L(x) — (do + Obi + • • • + a m -i)x. It then 
follows that F(x) is a permutation polynomial over E if and only if (ao + a% + ■ ■ ■ + 
a m _i)x + Tr^/if ('j)h(x) is a permutation polynomial over K as desired. Corollary 2.3 is 
proved. □ 
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Corollary 2.4. Let h(x) G K[x] and < i < m — 1 be an integer. Then F(x) :— 
x q h(Tx E / K (x)) is a permutation polynomial over E if and only if each of the following 
is true: 

(1) . xh(x) is a permutation polynomial over K . 

(2) . For any y G K , we have that i££ satisfies x q h(y) — and Tr E / K (x) — if and 
only if x = . 

Proof. Note that x q = x if x G K . Then letting Li(x) — 0,L2(x) = x q and 7 = in 
Theorem 2.2 gives us the desired result. □ 

Corollary 2.5. Let L\{x) G K[x\ and £2(2;) G 6e linearized polynomials and 

h(x) G K[x\. Then F(x) := Li(x) + L 2 (x)h(TT E / K (x)) is a permutation polynomial over 
E if and only if each of the following is true: 

(1) . Li{x) + L 2 (x)h(x) is a permutation polynomial over K. 

(2) . For anyy G K, we have thatx G E satisfies Li(x)+L 2 (x)h(y) — and Tr E / K (x) = 
if and only if x — 0. 

Proof. This corollary follows from Theorem 2.2 by setting 7 = 0. □ 
In what follows we give two examples to illustrate Corollaries 24 and 2.5. 

Example 2.1. Let q = (mod 5), K = F q and E — F ? ™ with m > 1 being a 
integer. Let h(x) — (x 2 — a) 2 G K[x], where a G K is non-square. It is known that 
xh(x) — a 2 x — 2ax 3 + x 5 is a permutation polynomial over K (see for example, Table 
7.1 in Page 352 of Since a is non-square, we have that h(y) — (y 2 — a) 2 ^ for any 
y G K. Then 2/%) = and Tr B/Jf (x) = if and only if x = 0. By Corollary 2.4, 

. / /m-l 
x q h(Tr E/K (x)) =x 9 {{ E x 

is a permutation polynomial over E for any integer < i < m — 1. 

Example 2.2. Let q = 8, K = F q and E = F 9 m with m > 1 being an odd integer. Let 

= x 3 — ax, Li(x) — a 2 x and L 2 {x) = a; 2 , where a G if*. Then Li(x) + L 2 (x)h(x) = 
D 5 (x, a), where D 5 (x, a) is the Dickson polynomial of degree 5 over K. Since gcd(5, q 2 — 
1) = 1, by Theorem 7.16 of [9] we know that D§(x,a) is a permutation polynomial over 
K. That is, L\(x) + L 2 (x)h(x) = x 5 — ax 3 + a 2 x is a permutation polynomial over K. Let 
y G K be any element and x € E satisfy that Tr^/^-(a;) = and L\{x) + L 2 (x)h(y) = 0. 
If h(y) = 0, then Tr E / K (x) = and L 1 (x) = 0. From Li(x) = a 2 x = 0, we derive 
that x = 0. If h(y) ^ 0, it then follows from Li(x) + L 2 (x)h(y) = that x = or 
x = — ^ 0. Assume that x = — . Then 

y^—ay / y^ — ay 

2 2 

a ma 

^e/k{x) = Tt e/k {^ ) = ^ 

y — ay y° — ay 

since m is odd and y 3 a _ ay 7^ 0. Thus we conclude that for any y G K, Tv e /k{x) = and 
Li(x) + L 2 (x)h(y) — if and only if x = 0. Now by Corollary 2.5, we get that 

Li(x) + L 2 (x)h(Ti E / K (x)) = a 2 x + x 2 (Tr E / K (x) 3 - aTr E / K (x)) 

is a permutation polynomial over E. 
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3. Permutation polynomials constructed by the elementary symmetric 

polynomials 

Throughout this section, let m and j be positive integers such that 1 < j < m — 1. Let 
(jj(xi, x m ) denote the j-th elementary symmetric polynomial in m variables X\ , x m . 
That is, one has 

&j (x i , . . . , Xjxi ) ^ ^ • 

1 <ii <...<2j <m 

Then we can define the polynomial Xj (x) by 

0<ii<i2 < ■ ■ - <ij <rn— 1 

Marcos [10] used the polynomials \2(x) and Tr£/^(x 2 ) to give two sufficient conditions 
such that xh(\2{x)) and xh(Ti E / K (x 2 )) are permutation polynomials. 

In this section, we construct two new classes of permutation polynomials by using the 
functions Xj(x) and Tt: e / k (x^). We begin with the following two lemmas which will be 
needed in the sequel. 

Lemma 3.1. Let a G E and a G K. Then \j{x) G K[x], Xj(a) £ K, Xj(a q ) = Xj(a) 
and Xj [aa) — a J Xj (a) . 

Proof. By the definition of Xj, one can easily check that Lemma 3.1 is true. □ 

Lemma 3.2. For any integer j satisfying that 1 < j < m — 1 and gcd(j, q — 1) = 1, 
Xj(x) is a mapping from E onto K. 

Proof. First we show that there is an a G E such that Xj(a) ^ 0. Since Xj(x) has at 
most 

m _ i 

deg{Xj{x)) = q m -J + ... + q™- 1 <<?+••• + q m ~ X = ^—j- - 1 < q m = \E\ 

roots in E, there exists an element a G E such that Aj (q;) ^ 0. Now pick an a £ £ 
such that a := Aj(a) ^ 0. In what follows, we show that for any b G K, we can find an 
element /? G E such that Aj = b. 

Since gcd(j,q — 1) = 1, by Theorem 7.8 of [5] we know that ax J is a permutation 
polynomial over K. It follows that for any given b G K, there exists an element c G K 
such that b = ac J . Since Xj(a) — a, letting /3 := ca gives us that 

Xj{p) = Xj(ca) — c d Xj(a) — ac 3 = b 

as desired. Thus Lemma 3.2 is proved. □ 

Using the polynomials Xj(x), we can give the following characterization on permuta- 
tion polynomials of the form x q h{Xj{x)). 

Theorem 3.1. Let m,i and j be positive integers such that < i < m — 1 and 1 < 
j < m— 1 and gcd(j, q — 1) = 1. Let h{x) G i*£T[x]. Then x q h(Xj(x)) is a permutation 
polynomial over E if and only if h(0) ^ and xh(x) J permutes K. 

Proof. Write F(x) :— x q h(Xj(x)). First we show the sufficiency part. Since xh(xY 
permutes K, we obtain that xh(5) j ^ for <5 G K*. We get that h(5) ^ for S G K* . 
But h(0) ^ 0. Hence h(S) ^ for all 5 G K. 
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Now we choose two elements a, (3 G E such that F(a) = F(f3), namely 

a qt h{\ 3 {a)) = /3 qi h(\j((3)). (3.1) 

Then Xj(F(a)) = Xj(F(f3)). Using Lemma 3.1, we infer that 

X 3 (a)h(X 3 (a)y = X j (/3)h(X j (/3)y. (3-2) 

Since xh(xy permutes K, (3.2) tells us that Xj(a) = Aj(/3). It then follows from (3.1) 
that a q% — (3 q ' . Thus a = since x q ' is a permutation polynomial over E. Hence F{x) 
is a permutation polynomial over E. The sufficiency part is proved. 

Let us now show the necessity part. Assume that F(x) is a permutation polynomial 
over E. First we prove that h(0) ^ 0. By Lemma 3.2, we know that Xj(x) is a mapping 
from E onto K if gcd(j, q — 1) = 1. For 1 < j < m — 1, one has that 

deg Xj(x) = q m ~ j + ... + q m - 1 < q + ■ ■ ■ + q m ~ X . 

Thus for any a G K* , the equation Xj{x) = a has at most q + ■ ■ ■ + q 171 ^ 1 roots in E. 
Then the equation Xj(x) = has at least q m — (q — l)(q + • • • + q" 1 ^ 1 ) = q roots in E. 
Hence Xj(x) = has a nonzero root in E. We pick a G E* such that Xj(a) = 0. Then 
a ql h(0) — a q * h(Xj(a)) — F(a). Since F(x) is a permutation polynomial over E and a 
is nonzero, we have F(a) ^ 0. That is, a qi h(0) ^ 0. Thus h(0) ^ 0. 

It remains to show that xh(xy permutes K. On the one hand, by Lemma 3.1 we have 

X j (F(x))=X j (x)h(X j (x)y. (3.3) 

On the other hand, by Lemma 3.2 we know that for all integer j with 1 < j < m — 1 and 
gcd(j, q — 1) = 1, Xj(x) is a mapping from E onto K. This implies that 

{xh( X y : x G K} = {X 3 {x)h{X 3 {x)y : x G E}. (3.4) 

Since F(x) permutes E, it then follows from (3.3) and (3.4) that 

\{xh(xy : x e K}\ = \{X 3 (x)h(X 3 (x)y :xeE}\ = \{X 3 (F(x)):xeE}\ 
= \{X 3 (x) : x € E}\ = q. 

Hence xh(xy permutes K. The necessity part is proved. 

The proof of Theorem 3.1 is complete. □ 

Now define n 3 (x) := YT=^ xl<1% = ^e/k{x 3 ) for 1 < j < q m - 1. Then fi 3 (x) G K[x], 
H 3 {a) G K and fij(aa) — a^ 3 {a) for all a G K and a G E. Also fij(x) is a mapping 
from E onto K if gcd(j, q m — 1) = 1. Replaced X 3 (x) by Hj(x), we can characterize the 
permutation polynomials of the form x q h(fj,j(x)) as follows. The proof of Theorem 3.2 
is similar as that of Theorem 3.1 and so we just give a sketch of the proof. 

Theorem 3.2. Let m,i and j be positive integers such that < i < m — 1 and 1 < j < 
q m — 1 and gcd(j,q m — 1) = 1. Let h(x) G K[x}. Then x q h(ii 3 (x)) is a permutation 
polynomial over E if and only if h(0) ^ and xh(xy permutes K. 

Proof. We here merely prove that if x q ' h(/j,j(x)) is a permutation polynomial over E, 
then h(0) ^ 0. The other part of the proof is similar to that of Theorem 3.1. 

Assume that x q h(/j,j(x)) is a permutation polynomial over E. Clearly, there exists a 
nonzero element 9 such that Tv E / K {9) = 0. Since gcd(j, q m — 1) = 1, permutes E. 
So there is a nonzero element to G E such that w- 7 = 9. Therefore Tte/k^) — 0, i.e., 
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fJ,j(oj) = 0. Then uj q h(0) — uj q h(fij(uj)). Since x q h{pLj(x)) is a permutation polynomial 
over E and ui is nonzero, we have u! q h(0) ^ 0. Thus h(0) ^ 0. 

This completes the proof of Theorem 3.2. □ 

Picking j = 2, then the sufficiency part of Theorems 3.1 and 3.2 becomes Proposition 
12 of [ID]. 

4. Permutation polynomials constructed by Kloosterman polynomials 

In this section, let p be a prime and denote K = F p and E = F pm with m > 1 
being an integer. For any e £ if, define T e := {x G E | Tr E / if (a:) = e}. Let c be an 
integer in {1, 2, . . . ,p m — 1} and the p-adic representation of c be c = J^^Lo with 
c; G {0, 1, ...,p — 1}. Then the weight w(c) of c is defined by u>(c) := X^c/ Ci - Define 
the polynomial L c on as 



L c (x) := £ 



7/( 1 

P' 



CiX 

8=0 

For integers c, c? G {1,2,... ,p m — 1}, we define the polynomial L cd on E as 

L c>d (x) := L c (x)+L d (x pm - 2 ). 

Then we can rewrite L c ^ as 

L c ,d{ x ) = L c (x) + L d (-) 
x 

with the convention that L Ctd (0) := 0. 

Following [3], we call L Ctd (x) a Kloosterman polynomial on E if the function L Cld in- 
duced by L c>d {x) is a bijection from Ti to for all i = 1,2, ...,p— 1, where j depends on 
i and L Cyd (x). We can now extend the Yuan-Ding- Wang-Pieprzyk theorem [13] as follows. 

Theorem 4.1. Le/j i and d be integers such that < i < to — 1 and d G {1,2,... ,p m — 1} 
to^/i w(d) = (mod p). Then L p i^ d (x) is a Kloosterman polynomial on E if and only if 

for any r\ G E with Tt e / k 

fa) ^ °> L d (s)-H? + ^ is a Permutation polynomial over E. 

Proof. Write d := YZ^ 1 d iP \ Then L d (x) := £™ ^ d ^ with d * 6 {0,1, 1}- 
Hence Tr^/^L^x)) = w(d)Tr £ ;/j s -( a; ) f° r an Y x £ E. In fact, one has 

Tr £/K (V^)) = ^ E/K (xv' + £„(-)) = Tr B/K (x) + w(d)Tr E/K (~). 

Clearly, for w(d) = (mod p), we have TV E/K(L p i yd (x)) = Tt: e /k{x)- 

First we show the sufficiency part. Assume that L p i d (x) is a Kloosterman polynomial 
on £\ Since w(d) = (mod p), for any x G T; with Z G {0, 1, 2, — 1}, we have 
Tr_E/_K-(-L p ; i( j(:r)) = I. Let G -E be such that Tr B /^(?7) = j ^ and let a G 23 be an 
arbitrary given element. We consider the equation 

T f \, +x pi =a. (4.1) 
L d {x) + 77 

Since x p is permutation polynomial over E, it follows that for any a G E, there exists 
a unique a G E such that a p = a. It then follows from r\ G 7} and w(d) = (mod p) 
that for any x € E, we have 

^E/K(L d (x) + 77) = Tr B/K (r7) = j. 
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Thus Ld(x) + r\ G Tj, which implies that Ld{x) + t] ^ for any x G E. Therefore a 
cannot be a solution of (4.1). 
Evidently, (4.1) is equivalent to 

{x pi - a)(L d (x) + V ) + 1 =0. (4.2) 

Since a — a p , (4.2) is equivalent to 

{x-a/{L d {x)+r]) + l =0. (4.3) 

Let y = x — a. Then (4.3) is equivalent to 

y pi (L d (y) + L d (a) + r,) + 1 = 0. (4.4) 

Clearly y — is not a solution of (4.4). So (4.4) is equivalent to 

l-+L d (y) = -L d (a)-r 1 . (4.5) 

But 

y y p 

Hence (4.5) is equivalent to 

L pi4 {-) = -L d (a)-r)- (4.6) 

y 

Since L p i d (x) is a Kloosterman polynomial of E and w{d) = (mod p), we know that 
L p i j(i maps T\ bijectively onto Ti, for I G {1, 2, — 1}. Note that — L d (a) — r? € Tp_j. 
Thus there exists a unique element u G Tp-j such that L p i d (u) = —L d (a) — rj. Then 
y = i is a unique solution of (4.6). It then follows from y = x — a and a being uniquely 
determined by a that (4.1) has a unique root x in E. Hence Ld ^ +n +x p is a permutation 
polynomial over E. The sufficiency part is proved. 

Let us show the necessity part. Assume that 77 G Tj,j 7^ and Ld ^ +V + x p is 
a permutation polynomial over E. For any y G T; with I G {1,2, ...,p — 1}, we have 
Tr £ / K (y) = I. Since = (mod p), Tr E/K (L p i 4 (y)) = I. Namely, L piA (y) G T t for 
I ^ 0. It follows that for Z 7^ 0, L pi>d {Ti) C T z . 

Nowletfr G Tj with j G {1, 2, ...,p— 1}. Then Ld ^- )+b +a; p is a permutation polynomial 
over E. It follows that there exists a unique root z in E such that 

■ + z pl = 0. 



L d (z) + b 

Equivalently, there exists a unique root z in E such that -~+L d (z) = —b. In other words, 
there exists a unique root z hi E such that L p i d (^) = —b. Since G Tj, —b G Tp-j. But 
w(d) = (mod p). So we get that 

Tv E/K (-b) = Tr E/K {L pi ^)) - Tr E/K {-). 

Hence Tr E / K (j) = p — j. This infers that j G T p ^j. Thus L p i d maps T; bijectively 
onto Ti for ^ G {1,2, ...,p — 1}. That is, L p i d (x) is a Kloosterman polynomial of E. The 
necessity part is proved. 

The proof of Theorem 4.1 is complete. □ 
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Hollmann and Xiang [5] proved the following result. 

Lemma 4.1. 5, L it0 (x) = x,L 1>3 (x) = x + ± + -±z,L lj6 (x) = x + ^ + and 
Li } io{x) — x + + -\ are Kloosterman polynomials on F 2 m. 

Meanwhile, they also conjectured that L 1( ; is a Kloosterman polynomial on F 2 ™ if 
and only if d G {0, 3, 6, 10}. Further, they proved the following result. 

Lemma 4.2. [5] Let m > 1, c and d be integers such that c, d G {1,2, ...,2 m — 1} with 
w(d) being even. If L c ^d{x) is a Kloosterman polynomial on F 2 >n, then for each integer i 
with <i < m — 1, L 2 d (x) is a Kloosterman polynomial on F 2 m . 

In |13j . Yuan et al. proved that ( x i + ], + , n yj! + x is a. permutation polynomial over F 2 m 
for any 77 G F 2 ™ with Tr F2TO / F2 (ry) = 1. We here use Theorem 4.1 to give the following 
more general results. 

Theorem 4.2. Let rj G F 2 ™ with Trp 2m /f 2 ( 7 7) = 1 anc ^ * ^ e an integer such that 
< i < m — 1. Then 

1 | j2 i 1 | ^ 

(x 2 + x + rj) 2 ' ' (a; 2 + x + f?) 2 * +1 



and 

I 

^ 2 TfT + x 



1 T 



(x 4 + X + if)' 2 

are permutation polynomials over F 2 m . 

Proof. Let i be any given integer such that < i < m — 1. Since Trp 2m /F 2 (x) = 
Trp 2m /p 2 ( a;2J ) f° r an y integer j with < j < m — 1 , it follows that for any 77 G T\ , we 
have that 771 := ?/ 2 G Ti and 772 := t? 2 + G Ti. One can easily check that L 2 (x) — L 2c (x). 
So L 2 (x) = L 2 i c (x). Thus we have 

' 1 2* _ 1 1 2' _ \ 1 2* 



(x 2 + x + 77) 21 L| l (x)+?7i L 2 » 3 (x)+7/ 1 

' 1 2* _ 1 , 2 ! _ 1 1 2* 



and 



(x 2 + x + 77) 2I+1 L 2l+1 (x)+r,2 L 2i6 (x) + r? 2 

1 2 i 1 „< 1 2 i 



(x 4 + x 2 + 77) 2I+1 L 2 ' +1 (a;)+ 772 L 2m {x)+r, 2 

Since L 2 (x) = L 2 » c (x), it follows that L 2 d {x) = L 2 i c 2 i d( x )- I n particular, we have 

L\ d (x) = L 2 i 2 id(x) for any d G {3,6,10}. By Lemmas 4.1 and 4.2, we obtain that 
L 2 i 2 i d {x) with d G {3, 6, 10} is a Kloosterman polynomial on F 2 m. Then using Theorem 
4.1, we know that 

1 x 2 \ A h a^ 2 * and A h £ 2 * 



L 2 i 3 (x)+77i ' L 2 * 6 (a;) +?72 ' i2iio(a ; ) +'72 

are permutation polynomials over F 2 m . The desired results then follow immediately. 
This completes the proof of Theorem 4.2. □ 

Lemma 4.3. £2.5(2;) = x 2 + - + is a Kloosterman polynomial on F 2 4. 
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Proof. First we can easily check that Trp l /p 2 (L2,5(x)) = 1 for any x G T\. Thus 

Now for any given a G F^ with Trp 24 /F 2 ( a ) = 1> wc consider the equation £2,5 (2) = a. 
That is, we need to show that the following equation 

x 2 + - + \ = a (4.7) 

x a; 4 

has the unique solution x. One can easily check that x$ '■— a 11 + a 2 + a -1 is a solution 
of (4.7). Suppose that x € F^ 4 is any solution of (4.7). In what follows we show that 
x — xq. Then 

ax~ 4 = (x~ 2 + x- 8 ) + x- 5 = Tr F . 24/F22 (a- 2 ) + N F24/F22 (a- 1 ). 

Since Tr Fa4 / F22 (x~ 2 ) + N F24 / Fa2 (a; -1 ) G F 2 2, where a G F* 4 and x G F* 4 , it then follows 
that ax~ 4 G F* 2 . 

Put i := a _4 x. Since a~ 4 a; = (ax -4 ) -4 and a G F^ 4 and a; G F^, we have t G F^. 
With a; replaced by a 4 t in (4.7), we get that 

{ J o 8 +t- 1 o- 1 +rV 16 =o. (4.8) 

Since t G F* 2 , (4.8) is equivalent to 

t _1 (a 8 + a _4 + a _1 ) = a. 

Thus t = a 7 + a~ 2 + a~ 5 . It then follows that x = a 4 t = a 11 +a 2 + a~ 1 = x as desired. So 
the uniqueness of solution of (4.7) is proved. On the other hand, since Trp 24 /p 2 (a) = 1 
and a G F^ 4 , we deduce that 

Tr F24 /F 2 (a:) = Tr F24 /F 2 (a n + a 2 + a -1 ) = Tr F24 /F 2 (a~ 4 + a 2 + a" 1 ) 

= 2Tr F24 /F 2 (a _1 ) +Tr F24 /F 2 (a 2 ) = Tr F24 /F 2 (a) = 1- 

Therefore L 2i 5 maps T\ bijectively onto T\. This concludes that Li^ix) is a Kloosterman 
polynomial on F 2 4 . 

The proof of Lemma 4.3 is complete. □ 

Theorem 4.3. For any n G F 2 4 with Tr F24 /F 2 ('7) = 1, l 5 (1)+ v + x2 = x *+x+ v + x2 is a 
permutation polynomial over F 2 4 . 

Proof. Picking p = c = 2 and d = 5 in Theorem 4.1, then Theorem 4.3 follows immedi- 
ately from Theorem 4.1 and Lemma 4.3. So Theorem 4.3 is proved. □ 

Lemma 4.4. [3] Let m be a positive integer. Then £1.5(3;) = x — a; 3 ~ 2 + a: 3 ^ 3 ~ 2 -* is a 
Kloosterman polynomial on F3™ . 

Using Theorem 4.1 and Lemma 4.4, we can derive the following result given in [13] as 
the conclusion of this paper. 

Corollary 4.1. [13] Let m be a positive integer. Then for any rj G F377, with ^E/Kiv) 
®' Lrix)+ — ^ x — x'- l -x+i + ^ * s a permutation polynomial over F3>n . 
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